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Abstract. Let U and A be algebras over a field k. We study 
algebra structures H on the underlying tensor product IJi^A 
of vector spaces which satisfy {u(Sia){u'^a') = uu'^aa' if 
I a = 1 or tt' = 1. For a pair of characters p G Alg([/, fc) 

and X £ -A-lg(^, k) we define a left ff-module L(p, x)- Under 
(-H i reasonable hypotheses the correspondence {p, x) ^ L{p, x) 

determines a bijection between character pairs and the iso- 
morphism classes of objects in a certain category hM_ of left 
i^-modules. In many cases the finite-dimensional objects of 
hM are the finite-dimensional irreducible left -ff-modules. 

In [TJj we apply the results of this paper and show that 
the finite-dimensional irreducible representations of a wide 
^ \ class of pointed Hopf algebras are parameterized by pairs of 

^ ' characters. 
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This paper develops the theory of a type of modules for certain al- 
gebra structures H defined on tensor products which, in many cases, 
accounts for the finite-dimensional irreducible representations of H. 
The general results are applied to the study of irreducible modules of a 
^ ■ certain class of pointed Hopf algebras over a field k in [TB]. This class 

^ ■ is very basic in light of the results of the program of Andruskiewitsch 

and the second author to determine the structure of pointed Hopf al- 
gebras with commutative coradicals jT||2lElll|- The Hopf algebras of 
interest to us are quotients of certain two-cocycle twists H = {U<^Ay 
of the tensor product of two pointed Hopf algebras U and A over k. 
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As a vector space H = U^A and multiplication has the property 
{u®a){u'^a') = uu'®aa' whenever a = 1 or m' = 1. 

The natural context for us to begin our study is in the category of 
algebra structures on the tensor product U®A of the underlying vector 
spaces of algebras U and A over k which satisfy the multiplication 
property. For a pair of characters p G Alg([/, k) and x ^ Alg(A, k) 
we construct a left i7-module L{p,x) and a right if-module R{x,p)- 
They satisfy a duality relationship with respect to a certain if-balanced 
bilinear form 

We describe the modules L{p,x) and R{x, p) abstractly. The H- 
module L{p, x) contains a codimension one left fZ-submodule and is 
generated as an if-module by a one-dimensional A-submodule. Let 
hM. be the full subcategory of all left if-modules whose objects contain 
a left [/-submodule of codimension one and contain a one-dimensional 
left A-submodule. Under mild conditions we show the correspondence 
(P) x) ^ L{p, x) is one-to-one. One of our main results gives natu- 
ral conditions under which this correspondence determines a bijection 
between the Cartesian product Alg([/, /c) x Alg(y4, fc) and the isomor- 
phism classes of hA^- We will need to know when finite-dimensional 
irreducible representations are one-dimensional. 

This paper is organized as follows. In Section ^ we set our notation 
for algebras, coalgebras, Hopf algebras, and the like. Two-cocycles a 
are reviewed and the Hopf algebra H = {U^AY is described. The 
Drinfeld double of a finite-dimensional Hopf algebra H over k can be 
viewed as D{H) = {H*^°^®HY for some two-cocycle. 

Let A and U be algebras over k. In Section |21 we develop a the- 
ory of algebra structures H on U®A which satisfy the multiplication 
property. We define the if-modules L(x, p), x) and study them as 
explicit constructions and also more abstractly. The if- modules Lix-, p) 
are objects of j^Al, the category whose objects M are left if-modules 
which contain a codimension one left f/-submodule N and are gener- 
ated as an if-module by a one-dimensional left A-submodule km. We 
study this category and its refinement j/Al', whose objects are triples 
(M, iV, km), and duality relations with their counterparts for right H- 
modules. There are natural if-balanced bilinear forms which provide 
duality relationships between the objects of hAI' and M'^. 

Section ini contains the main results for the modules L{x, p) in the 
more abstract setting of the category hAI- We first consider con- 
ditions on the characters p and x separately in connection with the 
correspondence (p, x) ^ L{p, x)- Our main theorem gives natural con- 
ditions under which this correspondence determines a bijection between 
A\g{U, k) X Alg(yl, k) and the isomorphism classes of the objects of 
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nAi- In this case each object of //Al has a unique codimension one U- 
submodule and a unique one-dimensional left A-submodule. Under the 
hypothesis of the theorem, when the finite-dimensional irreducible rep- 
resentations of U and A are one-dimensional then the finite-dimensional 
irreducible left if-modules are the same as the finite-dimensional ob- 
jects of hM- We consider the case when U and A are Hopf algebras 
in Section |3] In Section El we consider conditions under which the 
irreducible representations of an algebra are one- dimensional for appli- 
cations to certain classes of pointed Hopf algebras. 

Throughout k is a field and all vector spaces are over k. For vector 
spaces U and V we will drop the subscript k from Eiadk{V), Homfc(t/, V^), 
and U^kV- We denote the identity map of V by idy = id. For a non- 
empty subset 5* of the dual space V* we let S-^ denote the subspace of 
V consisting of the common zeros of the functionals in S. The "twist" 
map Tuy : U®V — > V®U is defined by Tuy{u^v) = v®u for all 
u eU and v (^V . For p E U* and u E U we denote the evaluation of 
p on M by p{u) or <p, u>. Any one of [HI HDl UH] will serve as a Hopf 
algebra reference for this paper. 

1. Preliminaries 

For a group G we let G denote the group of characters of G with 
values m k. H = kG denotes the group algebra of G over k which is 
a Hopf algebra arising in most applications in this paper. We usually 
denote the antipode of a Hopf algebra over k by S. 

Let {A, m, rf) be an algebra over /c, which we shall usually denote by 
A. Generally we represent algebraic objects defined on a vector space 
by their underlying vector space. We say that a,h E A skew commute 
if ah = ujha for some non-zero uj E k. Note that (A, m°^, rf) is an 
algebra over fc, where m°'P = itlota^a- We denote A with this algebra 
structure by A°^ and we denote the category of left (respectively right) 
y4-modules and module maps by aM. (respectively M.a)- If C is a 
category, by abuse of notation we will write C E C to indicate that C 
is an object of C. 

Let M be a left A-module. Then M* is a right A-module under 
the transpose action which is given by (m*-a)(m) = m*{a-m) for all 
m* E M*, a E A, and m E M. Likewise if M is a right A-module 
then M* is a left A-module where (a-m*)(m) = m*{m-a) for all a E A, 
m* E M*, and m E M. 

Let (C, A, e) be a coalgebra over k, which we usually denote by C. 
Generally we use a variant on the Heyneman-Sweedler notation for the 
coproduct and write A(c) = C(i)®C(2) to denote A(c) E C®C for c E C. 
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Note that (C, A^°^, e) is a coalgebra over k, where A'^"^ = rc^coA. 
We let C^°'P denote the vector space C with this coalgebra structure. 
Observe that C is a C*-bimodule with the actions defined by 

c*^c = C(i)<c*, C(2)> and c^c* = <c*, C(i)>C(2) 

for all c* G C* and c G C. 

Suppose that (M, 5) is a left C-comodule. For m G M we use the 
notation 6{m) = m(_i)®m(o) to denote 6{m) G C®M. If {M,6) is 
a right C-comodule we denote 6{m) G M^C by 5(m) = m(o)®m(i). 
Observe that our coproduct and comodule notations do not conflict. 

Bilinear forms play an important role in this paper. We will think 
of them in terms of linear forms f3 : U^V — > k and will often write 
P{u,v) for f3{u®v). Note that jd determines linear maps [3i : U — > V* 
and Pr '■ V — > U* where (3i{u){v) = P{u,v) = Pr{v){u) for all m G f/ 
and V E V. The form (3 is left (respectively right) non-singular if 
(respectively jSr) is one-one and (3 is non-singular if it is both left and 
right non-singular. 

Suppose that A is an algebra over k, U is a. right A-module, V is 
a left y4-module, and (3 : U^V — > A; is a linear form. Then j3 is 
A-balanced if (3{u-a, v) = /3{u, a-v) for all u G f/, a G A, and v E V. 

For subspaces X C f/ and Y ^ V we deflne subspaces X-^ C V and 
CUhj 

= {v eV\(3{X,v) = (0)} and Y^ = {u e U \ (3{u,Y){0)}. 

Note that there is a form /5 : f/ /V-^0V/U-^ — > k uniquely determined 
by the commutative diagram 




where the vertical map is the tensor product of the projections. Observe 
that = Ker Pe, If-^ = Ker jSr, and that (3 is non-singular. 

Let A be a bialgebra over k. A 2-cocycle for A is a convolution 
invertible linear form a : A^A — > k which satisfles 

for all x,y,z G A. If cr is a 2-cocycle for A then A'^ is a bialgebra, 
where A'^ = A as a coalgebra and multiplication m'^ : A(E)A — > A is 
given by 

m^ix^y) = a(x(i),?/(i))a;(2)2/(2)0-"^(a;(3),?/(3)) 
for all x,y & A. See for example [5]. 
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Let U and A be bialgebras over k and suppose that r : U — > k 
is a linear form. Consider the axioms: 

(A.l) T{u,aa') = r('U(2), a)r («(!), a') for all m G f/ and a, a' G A; 

(A.2) r(l,a) = e(a) for all a e A; 

(A. 3) t{uu', a) = t{u, a(i))r(M', a(2)) for all u,u' E U and a G A; 

(A.4) r(M, 1) = e{u) for all m G ?7. 

We leave the reader with the exercise of establishing: 

Lemma 1.1. Let U and A be bialgebras over the field k and suppose 
T : U ^A — > k is a linear form. Then the following are equivalent: 

a) (A.1)-(A.4) hold. 

b) Te{U) C A" and n : U — > A°''°p = A"p° is a bialgebra map. 

c) rr(/l) C U° and : A — > U°°p is a bialgebra map. 

□ 

Suppose that (A.1)-(A.4) hold, r is convolution invertible, and de- 
fine a linear form a : {U®A)®{U®A) — > k by a{u®a.,u'®a') = 
e{a)T{u' ,a)e{a') for all u,u' eU and a, a' G A. Then a is a 2-cocycle. 
We denote the 2-cocycle twist bialgebra structure on the tensor product 
bialgebra U<^A hj H = {U<^Ay. Observe that 

(1.1) {u(g)a){u®a) = ■ur(M(^), a(i))M(2)(S)a(2)7-~"^(M(3), a(3))a' 

for all u,u' E U and a, a' G A. 

An easy, but important, exercise to do is the following. 

Lemma 1.2. Suppose that U,A are bialgebras over the field k and 
T : U^A — > k satisfies (A.1)-(A.4). Then r has a convolution inverse 

a) U is a Hopf algebra with antipode S, in which case t~^{u, a) = 
t{S{u), a) for all u E U and a E A, or 

b) A°P is a Hopf algebra with antipode T , in which case t~^{u, a) = 
t{u, T{a)) for all u E U and a E A. 

□ 

The quantum double provides an important example of a 2-cocycle 
twist bialgebra [5]. 

Example 1.3. Let A be a finite-dimensional Hopf algebra over k, let 
U = A°'^°P, and let r : U0A — > k be defined by T{p,a) = p{a) for 
aX\ p E U and a E A. Then : U — >■ A°'^°p is the identity map and 
{U®AY = D{A). 
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Observe that finite-dimensionality was not necessary to define a bial- 
gebra structure on D{A) = A°'^°^^A. For any Hopf algebra A with 
bijective antipode we let D{A) = {U^Ay, where r is defined as above. 

Suppose that U, U and A, A are algebras over k. Suppose further 
that T : U^A — > k and r : U0A — > k are convolution invertible lin- 
ear forms satisfying (A.1)-(A.4). Set H = {U^Ay and Tl = {U(g)Ay. 
Suppose that / : U — > U and g : A — > A are bialgebra maps 
such that T{f{u),g{a)) = T{u,a) for all u G f/ and a E A. Then 
f®g : H — > H is a bialgebra map. 

As a consequence / : H — >• D{A) defined by f{u®a) = Ti{u)®a for 
all M G ?7 and a G A is a bialgebra map. In this paper we are interested 
in left modules over H . A good source is modules for the double in 
light of the map /. 

2. Algebra Structures on the Vector Space U®A, where 
u and a are algebras over k 

Suppose that U and A are algebras over the field k. In this section we 
are interested in algebra structures H = U^A on the tensor product 
of their underlying vector spaces which satisfy 

(2.1) {u®a){u'®a ) = uu'®aa' whenever a = 1 or m' = 1. 

For such an algebra the maps U — *■ H and A — > H given by m i— > u^l 
and a i— > l®a respectively are algebra maps. As a consequence if is a 
left ^/-module and a right A-module by pullback action; thus 

u-{u'®a) = {u®l){u' ®a) = uu'®a 

and 

{u®a)-a' = (■u®a)(l®ci') = u®aa' 

for all u,u' E U and a, a' G A. 

We list several examples of these algebras. 

Example 2.1. Let U and A be algebras over the field k. Then the 
tensor product algebra structure on H = U^A satisfies (12. ip . 

Example 2.2. Let U and A be algebras over the field k and H = 
U ®A be an algebra structure on the tensor product of their underlying 
vector spaces which satisfies (j2.1|) . Endow the vector space A°'p®U°^ = 
A^U with the unique algebra structure which makes the twist map 
Tj^^u : A^U — > {U ®A)°P an algebra isomorphism. This algebra H°'p = 
A°P0U°P satisfies flTTll . 
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Example 2.3. Let A be a finite-dimensional Hopf algebra with an- 
tipode s over k and let U = A*'^°p. As a vector space the Drinfeld 
double is D{A) = U^A and its product is determined by 

{p®a){q®b) = p(a(i)-g-s"^(a(3)))(g)a(2)6 

for all p,q & U and a,b ^ A. Thus the underlying algebra structure of 
D{A) satisfies (EH). 

The next example is the most important one for us. By virtue of 
Example 11.31 the preceding example is a special case of it. 

Example 2.4. Let U and A be bialgebras over the field k and suppose 
that r : U^A — > /c is a convolution invertible map such (A.1)-(A.4) 
are satisfied. Then H = {U^AY defined in Section ^ is a bialgebra 
whose underlying algebra structure satisfies ()2.H) . 

Example 2.5. Let if be a Hopf algebra with bijective antipode over k 
and suppose that R e is a bialgebra in the Yetter-Drinfeld cat- 

egory. Then the bi-product A = R^H satisfies (j2.H) . More generally 
smash products satisfy (j2.ip . 

A basic reference for the bi-product is P^. See jj] for a discussion of 
the Yetter-Drinfeld category |^3^-D and bi-products. 

Suppose that U, U, A, and A are algebras over k and that the 
vector spaces U^A and IJi^A have algebra structures which satisfy 
(jSnj). A morphism F : U^A — > U^A of these algebras is a map 
of algebras which satisfies F(f/(g)l) C f7®l and F{l(g)A) C l(g)A. By 
virtue of ()2.1|) a morphism F : U ®A — > U ®A has the form F = f^g, 
where / : U — > U and g : A — > A are algebra maps. Conversely, 
ii f : U — ^ U and g : A — > A are algebra maps, and the function 
f®g : U ®A — > U®A is an algebra map, then F = f®g is a morphism. 

Suppose that U' is a subalgebra of U and A' is a subalgebra of A such 
that U'®A' is a subalgebra of U®A. Then U'®A' satisfies fE?Tj) and 
the tensor product of the inclusion maps iu'®iA' '■ U'<S)A' — > U^A is 
a morphism. 

Now suppose / is an ideal of U, that J is an ideal of A, and K = 
I^A + U®J is an ideal of U®A. Let tt/ : U — > U/I and ttj : A — > 
A/ J be the projections. Endow {IJ/I)®{A/ J) with the algebra struc- 
ture which makes the linear isomorphism {U®A)/K — > {U /I)®{A/ J) 
given by u®a + K ^-^ {u + I)®{a + J) an isomorphism of algebras. 
Then {U / I)®{A/ J) satisfies ()2.H) and the tensor product of projec- 
tions TCi^TCj : U0A — > {U / I)®{A/ J) is a morphism. 

The constructions of the preceding paragraph can be combined to 
give a first isomorphism theorem for the morphisms of this section. 
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Let F : U^A — > U^A be a morphism and write F = f®g, where 
/ : U — > U and g : A — > A are algebra maps. Then Im/ and Img 
are subalgebras of U and A respectively and ImF = Imf&mg is a 
subalgebra of U^A which thus satisfies (12 .111 . Now Ker and Ker^f are 
ideals of U and A respectively and KerF = Ker f^A + U^Ker g is 
an ideal of U^A. Identifying {UiS)A)/K and (U/Kei f)iS){A/KeT g) as 
above, note there is a unique morphism 

F : ([//Ker /)(g)(A/Ker g) — > Im F = Im f(g)lm g 

such that FoI^TTKct f'^'^Kcr g) = F. 

2.1. The Construction of L(p, x) and R{x,p)- Let U and A be 
algebras over k and H = U^A be an algebra structure on the tensor 
product of their underlying vector spaces which satisfies ()2.H) . We will 
identify U and A with their images under the algebra maps U — > U ®A 
and A — > U®A given by m i-h> u®1 and a i— >■ l®a respectively. In this 
section we construct special representations of H by induction on one- 
dimensional representations of A and of U determined by pairs (p, x); 
where p is a character of U and x is a character of A. 

Suppose that p G Alg(f/, fc) and x ^ Alg(y4, fc). We give k the left 
y4-module structure (fc, --x) where 

= xi.'^)^ for all a G v4. 

Recall that H = U ®A is a right A-module via {u®a)-a' = u®aa' for all 
u & U and a, a' G A. We identify the left if-module H®Ak and ?7 by 
the linear isomorphism H^^k — > U given by (w^a)^®! ^ uxia) for 
all M G f/ and a E A and denote the resulting right i7-module structure 
on U by {U, ■^). We write for [/ with this module action implicitly 
understood. Note that 

(2.2) {u®a)-xu' = M((Ic/(g)x)((l®a)K®l))) , 
and consequently 

(2.3) '^'x'"' ~ ^^"^ ^'x-'- ~ xi'^)^: 

for all u,u' E U and a G A. Thus 1 generates as a left if-module 
and fcl is a one-dimensional left A-sub module of U^. 

Let J(p, x) be the sum of all the left iJ-submodules of contained 
in Ker p, let 

L{p,x) = UjI{p,x) 
be the resulting quotient left if-module, and let 'n{p,x) '■ — ^ L{p, x) 
be the projection. Using ()2.3p we see that M = L{p, x) is a cyclic left 
if-module generated by 7r(p_^)(l), that A;7r(p,^)(l) is a one- dimensional 
left A-submodule of M, and that = 7r(p_^) (Ker p) is a codimension 
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one left [/-submodule of M with the property that the only left H- 
submodule of M contained in is (0). 

In a similar manner we define a right if-module structure on A. 
Regard k as the right tZ-module (fc, -p) where 

Ip-u = p{u)l for all u E U. 

Recall that H = U^A is a left ?7-module via u-{u'®a) = uu'®a for 
all u,u' G U and a E A. We identify the right if-module k®uH 
and the vector space A by the linear isomorphism k®uH — >■ A given 
by l®u{u®a) ^ p{u)a for all u E U and a E A and we denote the 
resulting module structure on A by {A, -p). Observe that 

(2.4) a-p{u®a') = ((p®I^)((l®a)(M®l)))a', 
and thus 

(2.5) a-pa' = aa' and 1-pU = p{u)l, 

for all a,a' E A and u E U. As a consequence 1 generates Ap as a right 
if-module and kl is a one-dimensional left [/-submodule of Ap. 

Let J(x, p) be the sum of all the right if-submodules of Ap contained 
in Ker x, let 

R{x,p) = Ap/J{x,p) 
be the quotient right if-module, and 'n'{x,p) '■ Ap — > R{X: p) be the 
projection. Using ()2.5|) we see that M = -R(x, p) is a cychc right 
if-module generated by 7r(^p)(l), that A;7r(^p)(l) is a one- dimensional 
right ?7-submodule of M, and that = T!'(x,p) (Ker x) is a codimension 
one left A-submodule of M with the property that the only right H- 
submodule of M contained in A^ is (0). 

2.2. A Bilinear Form Arising from Character Pairs (p, x)- We 

continue with the notation and assumptions of the preceding section. 
Let X e A\g{A,k), let p E A\g {U,k), and let ^ : A^U — > k he the 
linear form defined by 

*(a,M) = (p®x) ((l®a)(w®l)) 

for all a G A and u E U. The L(p, x) and R{X: p) constructions of the 
preceding section are related in fundamental ways through this form. 

Regard U* as a right if-module with the transpose action determined 
by and likewise regard A* as left if-module with the transpose 
action determined by Ap. Our notations for these actions are given in 
the equations 

{u*-xh){u) = u*{h-^u) and {h-pa*){a) = a*{a-ph) 
for all u* eU*, h E H, u E U, a* E A*, and a E A. 
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Proposition 2.6. Let U and A he algebras over the field k and let H = 
U ®A he an algebra structure on the tensor product of their underlying 
vector spaces which satisfies \2.1\) . Let x £ Alg(yl, k), let p G Alg(f/, k), 
and let \E' : A^U — > k be the bilinear form defined above. Then: 

a) \l/(a, u) = p{{l®a)-^u) = x(a-p(-u®l)) for all a E A and u eU . 

b) '^{a-ph^u) = \&(a, h-^u) for all a E A, h E H, and u G U ; that 
is \I/ is H -balanced. 

c) yl-'-/(p, x) and thus U/A^ = L{p,x)- Furthermore there is an 
isomorphism of left H -modules L{p, x) — ^ U-pX given by u + 
HPy x) ^ ^^riu) = u-pX for all u E U. 

d) = J{XiP) o,nd thus A/U^ = R{x,p)- Furthermore there is 
an isomorphism of right H -modules R{x, p) — ^ P'x^ given by 
a + J(x, p) ^ (o) = P'x^^ foi^ a E A. 

e) There is a non-singular H -balanced bilinear form 

: R{x,p)®L{p,x) k 
determined by the commutative diagram 

A®U 

R{x,p)^L{p,x) 
where the vertical arrow is the tensor product of projections. 

Proof: Part a) follows by the definition of the form and of the mod- 
ule actions. To show part b) we use several standard isomorphisms 
involving tensor products. Note that is a left and right A-module 
via = = xi^')^ fo^' all a G A and k is also a left and right U- 
module via u-pl = 1-pU = p{u)l for all u E U. Consider the composites 
/ : AiS)U — ^ k®u{H®Ak) and g : k®u{H®Ak) — > k defined by 

A®U ~ {k®uH)®{H®Ak) — > {k®uH)®H{H®Ak) 
~ k®u{,H®H{H®Ak)) ~ k®u{.H®Ak) 

and 

k®umAk) k®u{k®Ak) k®uk ^ k 

respectively, where m is multiplication. Since 

{gof){am) = ^(l®c/((l®a)(n®l)A®l)) = (p®x)((l®a)(^i®l)) 

for all a G A and u E U we conclude that \l/ = gof. From the sec- 
ond isomorphism in the definition of / we see that f{{a-ph)®)u) = 
f{a®{h-^u)) for all a G A and u E U. Part b) now follows. 
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We next show part c). Let u & U. Since \l/r('u)(l) = p{u) by part a) 
it follows that Ker \l/r ^ Ker p. Now Ker is a left if-submodule of 
by part b). Suppose that L is a left i7-submodule of and L C 
Ker p. Then by part a) again '^{A,L) C p{{mA)-^L) C p{L) = (0). 
Therefore L C Ker "^r- We have shown that A-^ = Ker = I{p, x)- 

To complete the proof of part c) we note that \E'j, : — > A* is 
a map of left iJ- modules by part b). Let u E U. Since "^riu) = 
"^riu-^l) = u-p\I^r(l) = u-pX, the isomorphism of left if-modules 

L{p,x) = UJA^ = U/Kei^r ^ U-^x 

is given by m + /(p, x) ^ u-pX- We have established part c). The proof 
of part d) is similar. Part e) follows from parts b)-d). □ 

By virtue of part c) the quotient L(p, x) can be realized as submod- 
ule. 

2.3. The Connection Between Morphisms of the Algebra Struc- 
tures and the Constructions L(p, x), R(x,p)- Let U, U, A, and A 

be algebras over k such that H = U^A and H = U^A are algebras 
which satisfy fl2.1|) . Suppose that F : U^A — > U^A is a morphism 
and let / : ?7 — > U and g : A — > A be the unique algebra maps which 
satisfy F = f®g. 

Now suppose that p G PAg{U,k) and x ^ Alg(A, A;). Then p = 
po/ e Alg(t/, k) and x = X°9 ^ Alg(y4, fc). In this section we examine 
the connection between L{p,x) and L(p, x) and also the relationship 
between R{x, p) and R{p,x)- 

First we consider f/^ and U^. Let u,u' E U and a G A. By the 
calculation 

/((M®a)-^M') = f{u{{Iu®x){{l®a){u'®l)))) 

= fiu{{Iu®{xo9)m^a)iu'(g)l)))) 

= fiu){{Ium ((/®^7)((l®a)K®l)))) 
= /(w)((/c7®x)(F((l®a)(w'®l)))) 

= fiu){iIum{Fa®a)Fiu'0l))) 
= F(n®a)-5^/K) 

we see that 



(2.6) 



f{{u®a)-^u') = F{u®a)-Yf{u'). 
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Thus / is F-linear and the preceding equation has a simple interpre- 
tation in terms of module maps. Regard f/^ as a left if -module by 
pullback along F. Then / : — > is a map of left if -modules. 

Since po/ = p, we have /(Kerp) C Kerp. Thus /(i(p, %)) C i(p, x) 
as / is i^-linear. Consequently / gives rise to an i^-linear map L{f ) : 



Proposition 2.7. Suppose U , U, A, and A are algebras over k. Let 
H = f/(8)y4 and H = U^A be algebra structures on the tensor product 
of underlying vector spaces which satisfy \2.1]] . Suppose further that 
F : U^A — > U ®A is a morphism and let f : U — > U and g : A — > A 
be the unique algebra maps which satisfy F = f®g. Then: 



is F -linear. 



^) f:U^^ 

b) There is a unique F-linear map L{f) 
which makes the diagram 



Hp, x) 



f 



Lip, X) 



X ^ X 

commute, where the vertical arrows are the projection maps. 
c) Suppose that f is onto. Then L{f) is an isomorphism. 



Proof: We have established parts a) and b) in the discussion preced- 
ing the statement of the proposition. It remains to show part c). 

We first observe that po/ = p implies Kerp = /~^(Kerp). There- 
fore /~^(i(p, x)) is a left ii-submodule of contained in Kerp which 
implies f-'^{I{p,x)) ^ Iip,x)- We have seen that f{I{p,x)) ^ Iip,x) 
in any event. Therefore /~^(i(p, x)) = i(p, x) which implies that L{f) 
is an isomorphism. □ 

Suppose that F is onto. Then the hypothesis of part c) is met. 
Regard i(p, x) as a left if -module by pullback along F. Then the 
if-submodules and if-submodules of L{j).,x) are the same and the if- 
module L{p,x) is understood in terms of the left if -module L(p, x) 
and the algebra map F. 

There is an analog of the preceding proposition for R(x, p) and 
i?(x, p)- One can show that 



(2.7) 



g{a-p{u®a')) = g{a)-pF{u®a') 
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for all a, a' G A and m G f/ by mimicking the calculation which estab- 
lishes (j2.6|) . By modifying the proof of the preceding proposition one 
can easily show: 

Proposition 2.8. Suppose U , U , A, and A are algebras over k. Let 
H = U ®A and H = U^A be algebra structures on the tensor product 
of underlying vector spaces which satisfy \2.1]) . Suppose further that 
F : U®A — > U®A is a morphism and let f : U — > U and g : A — > A 
be algebra maps which satisfy F = f®g. Then: 

a) g : Ap — > Ap is F-linear. 

b) There is a unique F-linear map R{g) '■ R{x, p) — ^ -R(X)P) 
which makes the diagram 



Ap ^ ^ Ap 

commute, where the vertical arrows are the projection maps. 
c) Suppose that g is onto. Then R{g) is an isomorphism. 

□ 



We conclude this section by noting the relationship between the lin- 
ear forms \E' : A^U — > k and ^ : U ® A — > k defined by 

^(a,M) = (p®x)((l®a)(M®l)) and "^(a,?/) = (p®x)((1®«)(m®1)) 

for all a G v4, M G f/, a G v4, and u E U. Since F = f®g is an algebra 
map, the calculation 

= {l®g{a)){f{u)®l) 

shows that 

vi/(a, u) = ^((7(a), f{u)) = ^(F(a), F{u)) 

for all a G A and u E U. In the last expression we regard a,u E H hj 
the identifications a = l®a and u = u^l. 

2.4. The Categories h M and M jj and Duality. Let H = U^A be 

an algebra structure defined on the tensor product of their underlying 
vector spaces and suppose that ()2.1|) holds for H. Let nJSd. be the 
category whose objects M are left if-modules which are generated by 
a one-dimensional left A-submodule km and have a co dimension-one 
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left [/-submodule N with the property that (0) is the only left H- 
submodule of M contained in N. We take maps of left if-modules to 
be our morphisms. The category M. ^ is defined in the same manner 
with "right" replacing "left" and with the roles of U and A reversed. 
For M as described above observe that 

(2.8) annyi(A;m) = Ker^ and ann;7(M/A^) = Ker p 

for some characters x ^ Alg(A, k) and p G Alg(f/, k). For any pair of 
characters x ^ Alg {A, k) and p G Alg([/, k) observe that M = L{p, x) 
is an object of h-M. which satisfies (|2.8|) . 

Conversely, suppose that M is an object of hM_ which satisfies ()2.8|) . 
Then the rule H®Ak — *■ M given by /i(S>a1 ^ h-m is a well-defined 
map of left if-modules and the composite / : ~ H®Ak — ^ M, which 
is given by f{u) = u-m for all u & U, has kernel l{x,p)- Therefore / 
lifts to an isomorphism of left if-modules L{p, x) — M. Observe that 
f~^{N) = Ker p. Therefore is the only codimension one left U- 
submodule N' of M such that a.nnu{M/N') = Ker p. 

To discuss duality we need to specify a particular one-dimensional 
left y4-submodule and a particular codimension-one f/-submodule of 
each object M of hM- Let hAH be the category whose objects are 
triples {M, km, N), where M is a left if-module, km is a left A- 
submodule of M which generates M as a left if-module, and N is 
a codimension-one left t/-submodule of M such that (0) is the only left 
i?-submodule of M contained in A^. A morphism / : (M, km, N) — > 
{M' , km' , N') of H-M' is a map of left if-modules which satisfies f{km) C 
km' and f{N) C A^'. We define a category Ai '^^ in the same manner 
replacing "left" by "right". 

There is a natural contravariant functor hAH — ^ Al//- To describe 
it we start in a slightly more general context. 

Consider a triple {M, km, N), where M is a cyclic left if-module 
generated by m, where A^ is a codimension one left f/-submodule of M, 
and ()2.8|) is satisfied for some x ^ Alg(y4, k) and p G Alg(f/, k). Thus 
we are not requiring that the only left i?-submodule of M contained in 
A^ is (0). We regard M* G Mh by the transpose action on M G h-M. 
Since A^ is a subspace of M of codimension one and m ^ N there 
is a non-zero m* G M* uniquely determined by m'{N) = (0) and 
m'{m) = 1. 

Consider the right if-submodule M' = m'-H of M*. Now Ker p = 
annu{M/N) implies that (Ker p)-M C A^. From the calculation 



(m'-(Kerp))(M) = m'((Kerp)-M) C m'{N) = (0) 
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we conclude that m*-(Kerp) = (0). Therefore m'-u = p{u)m* for all 
u E U. The calculation 

{m^-A){m) = m'^{A-m) = m'^ikm) = (0) 

shows that m-^-A C m-*-. Therefore N* = m-^riM' is a right A- 
submodule of M*. Since 

(0) ^ m'(M) = m\H-m) = {m'-H){m) = M'{m) 

it follows that M* ^ m-*-. This means that the right A-submodule A^* 
is a codimension one subspace of M* . Since 

(M'-(Kerx))(m) = M*((Kerx)-m) = M'(0) = (0) 

we conclude that M*-(Kerx) C m-'-flM* = N* . We have shown that 

(2.9) dsmu{km') = Kerp and anriAiM* /N*) = Ker^. 

We next show that the only right if-submodule of M* contained in 
A^* is (0). Let L be a right if-sub module of M* contained in N'. Then 
L(M) = L{H-m) = {L-H){m) C m^(m) = (0) implies that L = (0). 
We have shown that (M*, km*, N*) e in particular M* ~ R{x, p)- 

Consider the bilinear form (3 : M*®M — > k given by j3{p, n) = p{n) 
for all p G M* and n G M. Note that [3 is right non-singular. By 
definition of the transpose module action i3{p-h,n) = j3{p,h-n) for all 
p G M*, h E H, and n G M; that is (3 is if-balanced. We observe that 
(M*)-*" is the largest if-submodule of M contained in A^. For let n E N. 
Then H-n C N ii and only if (0) = m'{H-n) = {m'-H){n) = M'{n); 
that is H-n C N ii and only if M*(n) = (0). Thus M/{M')^ ~ L{p, x) 
and P induces an if-balanced bilinear form (3 : M*®{M/ (M*)-*-) — > k. 
Compare with Proposition 12.61 

Proposition 2.9. Let U and A be algebras over the field k, let H = 
U ®A be an algebra structure on the tensor product of their underlying 
vector spaces which satisfies \2.1]] . and let (M, km, N) G hM' ■ 

a) Let X £ Alg(y4, k) and p G Alg(f/, k) satisfy 

ann^(A;m) = Kerx and a.nnu{M/N) = Kerp. 
Then (M*, km', N') G M '^ and satisfies 
a.nnu{km') = Kerp and aiinA{M' / N') = Ker^. 

b) Suppose that f : (M, km, N) — > {M', km', N') is a morphism 
in hM- Then f*{M") C M* and the restriction f = f*\M" 
is a morphism f^ : (M *,m*,N ') — > {M*, m* , N') in Ai'fj. 

c) Suppose that N' is the only codimension- one right A-submodule 
of M* . Then km is the only one- dimensional left A-submodule 
ofM. 
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Proof: We have shown part a). Part b) is left as an easy exercise. 
We estabhsh part c). 

Suppose that n G M and A-n = kn. Then w^nM' = M', in which 
case M*{n) = (0), or n-^CiM* is a codimension one right A-submodule 
of M', in which case n^flM* = m^flM* by assumption. In any event 
N-{n) = (0). 

Let C = {n e M\N'{n) = (0)}. Observe that m e C. The rule 
/ : C — > {M'/N'Y given by f{n){p + A^') = p{n) is describes a 
well-defined linear function. We show that / is one-one. Suppose that 
n e C and /(n) = 0. Then 

(0) = f{n){M') = M'{n) = {m'-H){n) = m'{H-n) 

implies that H-n C Ker m* = A^*. But A^* contains no left if-submodules 
other than (0). Therefore n = 0. We have shown that / is one-one. 

Since m G C, / is one-one, and Im / is at most one-dimensional, it 
follows that C = km. This concludes our proof. □ 

The "right" counterpart of the preceding proposition holds by virtue 
of Example O 

3. The Main Results for h M 

We begin by describing the type of algebra of fundamental impor- 
tance in [H]. These algebras A (and U also) are generated by a sub- 
group P of the group of units of A and a indexed set of elements 
{ai}ig/. There is an indexed set of characters {xi}iei ^ T such that 
gaig~^ = Xi{g)(^i for all 5^ G P and i E I. Let A' be the subalgebra of 
A generated by P. 

Suppose that Xi ^ fo^ all i E I. Then p(aj) = for all p G Alg(74, k) 
and i E I. Thus the restriction map Alg(74, k) — > Alg(yl', k) is one- 
one. In important applications U and A below will have this description 
and thus the restriction map is one-one. 

The theorem of this section is derived from two results. 

Lemma 3.1. LetU and A be algebras over the field k and let H = A 
be an algebra structure on the tensor product of the underlying vector 
spaces ofU and A which satisfies \2.1\) . Suppose that U' is a subalgebra 
of U such that: 

a) The restriction map Alg(f/, k) — > Alg(f/', k) is one-one 

b) and {u®a)-^u' = x{(^)uu' for all u E U , a E A, x ^ Alg(y4, k), 
and u' E U' . 

Let p,p' E A\g{U,k) and x,x' e A\g{A,k). If L{p,x) - L{p',x') as 
left U -modules then p = p' . In particular there is a unique codimension 
one left U -module of L{p,x) which contains I{p,x)- 
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Proof: Suppose that L{p,x) — L{p',x') as left [/-modules and con- 
sider the composite of left [/-modules / : U — > L{p, x) — L{p', x') = 
M. Since the latter contains a codimension one left [/-submodule N 
with annu{M/N) = Kerp', it follows that I{p,x) ^ f~'^{N) = Keip'. 
We have shown that I{p,x) ^ Kerp'. The calculation p{{u®a)-^u') = 
p{x{o)uu') = x(a)p('u)p(M') for dA\ u E U, a E A, and u' G U' shows 
that H ■ ^{Ker pnU') C Kerp. Therefore 

(Kerp)nf/' C /(p,x) ^ Kerp' 

which implies that (Kerp)n[/' = (Kerp')n[/' since both intersections 
are codimension one subspaces of U'. The preceding equation implies 
p\U' = p'\U' from which p = p' follows by assumption. The last state- 
ment in the conclusion of the lemma is evident. □ 

Lemma 3.2. Let U and A he algebras over the field k and let H = U ^A 
be an algebra structure on the tensor product of the underlying vector 
spaces ofU and A which satisfies \2.1]) . Suppose that A' is a subalgebra 
of A such that: 

a) The restriction map Alg(y4, k) — > Alg(y4', k) is one-one and 

b) a'-p{u®a) = p{u)a'a for all a' E A' , p E Alg(f/, k), u E U , and 
aE A. 

Let p E Alg(f/,/c) and x, x' e k\g{A,k). If L{p,x) - L{p,x') as left 
H -modules then x = x' ■ 

Proof: Regard as a left ?7-module via u-1 = p{u) for all u E U. 
Consider the composite p' : U^^ — > k of left tZ-module maps given 

by — i> L(p, x) L{p, x') k, where the first map is the 
projection, / is an isomorphism of left if-modules, and the third p is 
the map is given by m + /(p, x') ^ pi'^) for all u E U . Since p' is 
a left [/-module map we have p'{u) = p'{ul) = u-p'{l) = p{u)p'{l). 
Therefore p' = p'{l)p. 

Let u E U satisfy /(I + /(p, x)) = u -\- I{p, x') and let a E A. Using 
the definition of p', the fact that / is a map of left A-modules, and part 
a) of Proposition 12.61 we see that 

p'((l®a)-^(l + /(p,x)) = p(/((l®a)-x(l + AP,x))) 

= p((l®a)-^./(l + /(p,x))) 

= p((l®a)-^,(u + /(p,x'))) 
= p{{l®a)-^iu) 

= x'KMi)). 



18 



DAVID E. RADFORD AND HANS JURGEN SCHNEIDER 



Since p' = p'{l)p we calculate on the other hand that 

p'((l®a)-^(l + /(p,x)) = p'(l)p((l®a)-x(l + AP,x)) 

= p'(l)p((l®a)-^l) 

= P'(l)x(a). 

We have shown that x'(a-p('U®l)) = p'(l)x(a) for all a ^ A. Now 
suppose that a' G A'. By virtue of the preceding equation 

X'{a')p{u) = x'{a'p{u)x'{l)) = x' {a' ■ ,{u®l)) = p'{l)x{a'); 

the second equation follows by assumption. Therefore p'{u) = 1 and 
x(o') = x'{(^') fo^^ 9-11 ^ By assumption x = x'- ^ 

For a category Ai we denote the isomorphism classes of objects in 
Ai by [Ai] and for an object M G we let [M] be the isomorphism 
class of M. As a consequence of the two preceding lemmas: 

Theorem 3.3. Let U and A he algebras over the field k and let H = 
U^A be an algebra structure on the tensor product of the underlying 
vector spaces of U and A which satisfies \2.1\) . Suppose that: 

a) U' is a subalgebra of U , {u®a)-y/a' = x{(^)uu' for all u E U, 
a G v4, X G Alg(y4, A;), and u' G U' , and the restriction map 
Alg(t/, k) — > Alg(t/', k) is one-one; 

b) A' is a subalgebra of A, a'-p{u®a) = p{u)a'a for all a' G A' , 
p G A\g{U,k), u E U, and a E A, and the restriction map 
Alg(yl, k) — y Alg(74', k) is one-one. 

Then A\g{U, k)x Alg{A, k) — > [mM] given by (p, x) ^ [L{p,x)] 
bijective. □ 

Observe that the hypothesis of the theorem holds for as well, 
where A'"^ in plays the role of U' in H and U'°^ in plays the 
role of A' in H. Therefore: 

Corollary 3.4. Under the hypothesis of the preceding theorem, the 
function Alg{A, k)x Alg{U, k) — > [AIh] given by {Xi p) ^ [RiXi p)] is 
bijective. □ 

The theorem has interesting consequences for objects of the category 
hM. 

Corollary 3.5. Let U and A be algebras over the field k and let 
H = U ®A be an algebra structure on the tensor product of the un- 
derlying vector spaces of U and A which satisfies \2.1]) . Assume that 
the hypothesis of Theorem \S.Si holds. Then: 
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a) Every object of hM. has a unique one- dimensional A-submodule 
and a unique codimension one U-submodule. 

b) Suppose that f : M — > M' is a left H-module map, where M 
and M' are objects of hM.- Then f = Q or f is an isomorphism. 

Proof: We first show part a). We have noted that the hypothesis 
of the theorem apples to H°^. In light of Lemma 13.11 and Theorem 
13.31 we need only show that the object M G AA has a 1-dimensional 
A-submodule. Let M e hM and let (M, km, N) G hM. be derived 
from M. Let p e Alg([/, k) and x ^ Alg(A, k) satisfy Regard the 

right i7-module M* as a left iJ^^-module by pullback along the algebra 
map H"^ — > given by a^u ^ u®a for all a G A and u eU . Then 
M* ^ L°P{x,p) as left if°^-modules, where L"^{x,p) is the counterpart 
of L{p, x) for H. By Lemma 13.11 and Theorem 13.31 there is only one 
codimension left ilf^-module, or equivalently right if-module, in M'. 
Therefore M has a unique one-dimensional left A-module by part c) of 
Proposition 12.91 

Part b) follows from part a). We first note that since / is a map of 
left if-modules it is also a map of left A-modules and left [/-modules. 

Let km be a one-dimensional left A-submodule of M which generates 
M as a left if-module. Since / is a map of left if-modules f{M) = 
f{H-m) = H-f{m). Since / is a map of left A-modules kf{m) is a left 
A-submodule of M'. 

Suppose that / 7^ 0. Then /(m) 7^ 0. Therefore kf{m) is a one- 
dimensional left A-submodule of M' . Now M' is generated as a left H- 
module by some one-dimensional left A-submodule of M' . By unique- 
ness this submodule must be kf{m). Thus / is onto. It remains to 
show that / is one-one. 

Now M' contains a codimension one left [/-submodule A^'. Since / 
is onto and a map of left [/-modules f~^{N') is a codimension one left 
[/-submodule of M. Now M has a codimension one left [/-submodule 
which contains no left if -submodule of M other than (0). By unique- 
ness this submodule must be f~^{N'). Since Ker/ C f~^[N') and is 
an if-submodule of M it follows that Ker / = 0. We have shown that 
/ is one-one. □ 

For an algebra A we denote the set of isomorphism classes of finite- 
dimensional irreducible left A-modules by Irr(A). As a result of the 
preceding corollary: 

Corollary 3.6. Let U and A be algebras over the field k and let 
H = U ®A be an algebra structure on the tensor product of the un- 
derlying vector spaces of U and A which satisfies \2.1]) . Assume that 
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the hypothesis of Theorem VJ/J[ holds and also that the irreducible left 
U -modules and irreducible left A-modules are one-dimensional. Then: 

a) The finite- dimensional irreducible left H -modules are the same 
as the finite- dimensional objects of h-M- 

b) Suppose that U and A are finite-dimensional. Then the function 
A\g{U,k)x A\g{A,k) Irr(i^) given by {x, p) ^ [Hp^x]] is 
bijective. 

□ 

4. When U and A are Bialgebras 

Let U and A be bialgebras over the field k, suppose r : U ^A — ^ k is 
convolution invertible and satisfies (A.1)-(A.4), and let H = [U^Ay. 
In this section we apply the major ideas of the preceding section to H. 

Suppose that p e G{U°) = A\g{U,k) and x e G{A°) = Alg{A,k). 
Using p.ip we see that ()2.2|) in this case is 

(4.1) {u(»a)-^u' = Mr(M(i), a(i))M(2)X(a(2))r"^(ti'(3)5 0(3)) 
for all u,u' eU and a E A and ()2.4|) in this case is 

(4.2) a-p{u^a') = r(M(i), a(i))p(M(2))a(2)r"^(M(3), a(3))a' 
for all a,a' E A and u E U. Observe that 

(4.3) ^ = {T{p(^x)r~')oTA,u 

is just conjugation of p®x by r in the dual algebra (U<^A)* preceded 
by the twist map. 

Now let U' = kG{U), A' = kG{A), and suppose that G{U") and 
G{A°) are commutative groups. Using (|4.1|) we see for u E U , a E A, 
X e Alg{A, k), and u' e G{U) that 

{um)-xu' = ur{u,a^i))ux{a(^2))r'^{u',a^3)) 
= u {{Ti{u)xTe{u'y^){a)) u' 
= uu'x{a) 

and therefore {u^a)-^u' = uu'x{a) for all u E U,a E A and u' G U'. 
Likewise using (j4.2j) it follows that a'-p{u®a) = a'ap{u) for all a' G A', 
p G Alg(f/, k), u eU, and a e A. 

Theorem 4.1. Let U and A be bialgebras over the field k, suppose 
T : U^A — > k is convolution invertible and satisfies (A.1)-(A.4), 
and let H = {U^AY . Suppose that all p G A\g{U,k), x e Alg{A,k) 
are determined by their respective restrictions p\G{U), x\G{A). Then 
A\g{U,k), A\g{A,k) are abelian groups and: 
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a) Alg{U,k)x Alg{A,k) — > [hM] given by (p, x) ^ [Hp,x)] 
bijective. 

b) Every object of hM_ has a unique one- dimensional A-submodule 
and a unique codimension one U -submodule. 

c) Suppose that the finite- dimensional irreducible left U -modules 
and the finite- dimensional irreducible left A-modules are one- 
dimensional. Then the finite- dimensional irreducible left H- 
modules are the finite- dimensional objects of h-M- 

Proof: The hypothesis of Theorem holds for H with U' = kG{U) 
and A' = kG{A). Thus part a) follows. Part b) is part a) of Corollary 
13.51 and part c) is part a) of Corollary 13.61 □ 

We will show that the preceding theorem applies to a wide class of 
pointed Hopf algebras. First we recall a basic Hopf module construc- 
tion. 

Let y4 be a Hopf algebra with sub- Hopf algebra B. Suppose that D, C 
are subcoalgebras of A which satisfy D ^ C, BD C D, BC C C, and 
A(C) C B®C + C®D. Set M = C/D and write_c = c+C for all ceC. 
Then M is a left i?-Hopf module, where b-c = be and p(c) = C(i)®C(2)" 
for all c G C. By the Fundamental Theorem for Hopf modules jTBl 
Theorem 4.1.1] it follows that M is (0) or a free left S-module with 
basis any linear basis of M™'^ = {c | p(c) = l®c}. 

Now suppose that B = Aq is a sub-Hopf algebra of A and let n > 0. 
Then C = An and D = An-i satisfy the conditions of the preceding 
paragraph. Therefore An/An-i is (0) or a free left 5-module. As a 
consequence An is a free left -B-module for all n > 0; thus A is a free 
left S-module. 

Any two bases for a free module over a Hopf algebra B have the same 
cardinality, and thus rank of the free module is well-defined, since Hopf 
algebras are augmented algebras. For the same reason, if M is a free 
left 5-submodule of a free left i?-module N then rankM < rankA^. 

Suppose that a is a skew primitive element of A. We say that a is of 
finite type if the sub-Hopf algebra of A generated by AoUja} is a free 
left y4o-module of finite rank. 

Corollary 4.2. Let U and A be pointed Hopf algebras over and alge- 
braically closed field k of characteristic zero and suppose t : U^A — > k 
is convolution invertible and satisfies (A.1)-(A.4)- Suppose further that 
U and A are generated by skew primitives of finite rank and have com- 
mutative coradicals. Then the conclusions of the preceding theorem hold 
forH = {U^Ay. 
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Proof: We need only show that all p G G{U°), x & G{A°) are de- 
termined by their respective restrictions p\G{U), x\G{A). We give an 
argument for A which is automatically an argument for U also. To 
this end we need only show that there is an indexed set of skew primi- 
tive elements {ajjjg/, which together with F generate A as an algebra, 
and there is an indexed set of non-trivial characters {x}i&i such that 
haih~^ = Xi{h)ai for all /i G F and i E I. See the opening commentary 
for Section 121 

Let B = Aq. Let F = G{A). Since Aq is cocommutative and k is 
algebraically closed it follows that B = kT. Since B is commutative F 
is a commutative group. 

Suppose that a G A is a skew primitive element of finite rank. We 
may assume that A(a) = a^g + l®a for some 5^ G F and that a ^ B. 
Let E be the sub-Hopf algebra of A generated by BU{a}. Then E is a. 
free left 5-module of finite rank by assumption. 

Let V = {v e E\ A{v) = v®g + mv}. Then C = BVB is a left 
5-module, a subcoalgebra of E, and A(C) C C^B + B^C. Thus M = 
C/B is a left i?-Hopf module. Since 1 + rankM = rankC < ranki?, 
and the latter is finite, it follows that rankM is finite. Now V C M'^°^. 
Thus DimV^ < rankM is finite. Since VCiB = k{g — 1) we conclude 
that V is a finite-dimensional vector space. 

Let /i G F. Since F is commutative and E is a. subalgebra of A 
which contains h it follows that hVh~^ C V. By assumption V ^ 
(0). Since V is finite-dimensional and k is an algebraically closed field 
of characteristic zero, there is a basis vi,...,Vn for V consisting of 
common eigenvectors for the conjugation action by F. Therefore there 
are characters Xi? • • • ? Xn £ T such that hvih~^ = Xi{h)vi for all /i G F 
and 1 <i <n. 

Fix 1 < i < n. Observe that Vi and F generate sub-Hopf algebra 
of A of finite rank. By calculations found in |TT1 Section 3] it follows 
that Xiid) = 1 implies that fj G -B. Since a is in the span of the fj's, it 
is clear how to form the families {aj}jg/ and {xi}i&i which satisfy the 
conditions outlined at the beginning of the proof. □ 

For later use we note: 

Lemma 4.3. Let U and A he bialgebras over the field k and assume that 
G{U^) is abelian. Suppose r : U ®A — > k is convolution invertible and 
satisfies (A.1)-(A.4), and let H = {U^Ay . Let u e U and g G G{A) 
and assume that u® g is central in H. Then for all p G Alg(f/, k) and 
X G Alg{A, k) the following are equivalent: 

a) u ® g — 1 ® 1 acts as zero on L{p, x)- 

b) p{u)x{g) = 1. 
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Proof: Part a) implies 

(4.4) {u(g) g -^v = uv(2)T{v(i),g)x{g)T'^{v(3),g) G /(p, x) 

for all f G t/. If i; = 1 then ()4.4|) implies ux{g) — 1 G I{p,x), hence 
p{ux{g) — 1) = or equivalently p{u)x{g) = 1- Thus part a) implies 
part b). 

Conversely, assume part b). Since u ® g is central in H, the fc-span 
of {u ® g — 1 ^ 1) ■ ^ V , V E U, is an if-submodule of U^. Moreover, for 
any v E U, 

'r{v(i),g)p{v(^2))r'\v(^3),g) = p{v), 
since Tr{g) G Alg(?7, k) and G'(?7°) = Alg(t/, k) is abehan. Hence 
p{{u ® g) v) = p{uv(^2)r{v(^i),g)x{g)r"\v(^3),g)) 
= p{u)x{9)p{v) 
= Piv) 

by b). This proves ()4.4j) by definition of I{p,x)- D 

In connection with Propositions 12.71 and 12.81 we will be interested in 
bialgebra maps of bialgebras of the type {U^Ay. 

Proposition 4.4. Let U , U, A, and A be bialgebras over k, suppose 
T : U0A — > k and r : U^A — > k satisfy (A.1)-(A.4), and suppose 
that f : U — > U and g : A — > A are bialgebra maps which satisfy 
ro(/(g)(y() = T. Then f®g : {U®AY — > {U®AY is a bialgebra map. 

Proof: Since / and g are coalgebra maps f®g : U®A — > U®A 
is a coalgebra map of the tensor product of coalgebras. As the un- 
derlying coalgebra structures of {U®AY and {U®AY are U®A and 
U®7^ respectively, it follows that f®g : {U®AY — ^ {U®AY is a 
coalgebra map. Since {f®gY : {U®AY — > {U®AY is an algebra map 
r-i = ((/(g)5()*(r))-^ = {f®gY{T-^)= T^o{f(®g). At this point is it 
easy to see that f®g : {U®AY — >■ {U®AY is an algebra map. □ 

Suppose that U and A are bialgebras over k and r : U ®A — > A; is a 
linear form which satisfies (A.1)-(A.4). Then r is convolution invertible 
by Lemma IT!^ if U or A°'p is a Hopf algebra, in particular if A is a Hopf 
algebra with bijective antipode. 

Suppose in addition that A has bijective antipode, set H = {U^AY, 
and let f : H — > D{A) be the bialgebra map defined at the end of 
Section[T]by f{u®a) = Ti{u)®a for all m G ?7 and a E A. Let p G G{U°) 
and X ^ G{A°). We will examine L{p,x) in the context of part c) of 
Proposition 12 .61 and find a condition for there to be a left D{A)-modnle 
such that puUback along / explains L{p,x)- To understand modules 
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for D{A) we need to review a variant of the Yetter-Drinfeld category 
discussed in many places; in particular in 

Let B be any bialgebra over k and let syD^ be the category whose 
objects are triples (M, 5), where (M, ■) is a left 5-module and (M, 5) 
is a right S-comodule which are compatible in the sense 

(4.5) fe(i)-m(0)O6(2)m(i) = (6(2) ■"^)(o)®(&(2)-H (1)^(1) 

for all 6 G -B and m G M, and whose morphisms are maps of left 
5-modules and right -B-comodules. We observe that when has 
antipode T then (j4.5|) is equivalent to 

(4.6) 5{h-m) = 6(2)-"^(o)®6(3)"^(i)7'(&(i)) 

for all 6 G -B and m G M. An example, which is the centerpiece of 
[12] in the study of simple modules for the double, is the following O 
Lemma 2]: 

Example 4.5. Let B he a bialgebra over k, suppose that B°^ is a 
Hopf algebra with antipode T, and let /3 G G{B"). Then {B, y^, A) G 
ByD^, where 

6^^m = (6(2)^/3)mT(6(i)) 

for all b,m E B. 

The map b h^f3 of the example is an algebra automorphism of 
B. Thus the module (5, can be regarded as a generalized adjoint 
action. 

Now suppose that 5 is a Hopf algebra with bijective antipode S and 
let (M, -, 5) G ByD^- Then (M, •) G where 

{p®h)»m = p^{h-m) = {h-m)(Q)<p, (6-m)(i)> 

for all p G -B", 6 G -B, and m G M. When B is finite-dimensional the 
preceding equation describes the essence of a categorical isomorphism 
of D{B)-M. and syD^ ■ See the primary reference as well as |71 
Proposition 3.5.1]. 

It is also interesting to note that B°yD^° also accounts for left 
modules for D{B). For suppose that (M, -,5) G B°yD^° and let 
iB '■ B — y {B°)* be the algebra map defined by iB{b){p) = p{b) for all 
b e B and p G B°. Set i = i^. Then (M, •) G d(b)A^, where 

{p®b)»m = p-{i{b)^m) = p-m(o)<m(i), b> 

for all p G -B°, b & B, and m G M. Observe that the action on (M, •) 
restricted to B is locally finite. The preceding equation describes the 
essence of a categorical isomorphism between the full subcategory of 
D{B)-M whose objects are locally finite as left 5-modules and B°yD^ ■ 
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Thus when B is finite-dimensional there is a categorical isomorphism of 
D(B)-M. and B°yD^° . It is the Yetter-Drinfeld category B°yD^° which 
is most appropriate here. 

Using Lemma fl.2l and ()4.3|) we have 

(4.7) ^!r{u) = Te{p^U(i))xS~\n{u(^2))) = n{u(i))xS'\Te{u(^2))^p) 
for all u eU . 

Regard A* as a left if-module with the transpose action arising from 
the right if-module structure (A, -p)- By part c) of Proposition 12.61 
there is an isomorphism of left if-modules F : L{p,x) — ^ U-pX ^ A* 
given by F(u) = "^riu) = u-pX for all u E U, where u = u + I{p, x)- 
Thus 

(4.8) F{u) = Ti{p^U(^i))xS~'^{Ti{u(2))) = u-pX 

for all u E U by ()4.3|) . In particular U-pX = ImF C A°. 

The if -module L{p,x) can be explained in terms of D{A) when a 
very natural condition is satisfied. Let i = ia- Then i{g) G Alg(y4°, k) = 
G{{A°)°) and the calculation 

a-pium') = r(M(i),a(i))p(u(2))a(2)r"^(n(3),a(3))a' 

= T(M(i),a(i))r(M(2),5')a(2)r~^(M(3),a(3))a' 

= r(M(i)(i),a(i))r(M(i)(2),5')a(2)r(M(2),s"^(a(3)))a' 

= (rKM(i))(2)(a(i))) (r£(M(i))(i)(^)) a^2) (5~^(r^(M(2)))(a(3))) a' 

= ((^K«(i))^^(^))(«(i))) «(2) (S"^(r^(M(2)))(a(3))) a' 

shows that 

(4.9) a-p{u0a') = {S-\ri{u)(^i))^a^{n{u)^2)^i{g))) a' 
for all a,a E A and u E U. As a consequence 

(4.10) (^i®a')>p = {n{u)^2)^t{g)) {t{a')^p) {S-\rfXu)^,))) 

for all u eU, a' e A, and p G 

Let (A°, A) be the object of A°yD'^° defined in Example 14.51 
and let (M, •) be associated left D(A)-module structure. Using (j4.1Uj) 
it is not hard to see that 

{u®a)-pp = f{u^a)»p 

for all u E U , a' E A, and p E A°. Since x ^ G{A°) we conclude that 
H-pX = U-pX ^ A°»x, the latter is a L'(74)-sub module of A°, and that 
the map F : L{p, x) — ^ A°»x given by m i— > \l/r(w) = u-pX is a one-one 
map of left if-modules, where A°»x has the left if-module structure 
action obtained by puUback along /. 
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Note that 

(4.11) ^'^(a) = Tr{a(i))pS{Tr{a^2)^X)) 

follows for all a & A by ()4.3|) also, where here S is the antipode of U. 
A similar treatment of R{x, p) can be given based on this equation. 

5. Certain Algebras Whose Finite-Dimensional Simple 
Modules Are One-Dimensional 

In light of Corollary 13.61 we wish to consider conditions under which 
the irreducible representations of an algebra are one-dimensional with 
an eye towards applications of the results of Sections HHSl to certain 
classes of pointed Hopf algebras. Throughout this section the field k 
is algebraically closed. We are interested in algebras A satisfying the 
following condition: 

A is generated by an abelian group T of units of A together 
with finitely many elements ai, . . . , and there are non-trivial 
characters xi, ■ ■ ■ ,Xe such that 

(5.1) gcLig~^ = Xi{9)(^i for all g eT and 1 < i < 9. 

We denote the preceding condition by (C). Many pointed Hopf algebras 
satisfy condition (C). See [T^ . 

Suppose A is an algebra which satisfies condition (C). We will find 
sufficient conditions for all finite-dimensional simple left A-modules M 
to be one- dimensional. Finding a non-zero m E M which satisfies 
arm = ■ ■ ■ = ae-m = is the key. The theorem of this section gives 
such a condition which relates the values Xjidi) to ^ Cartan matrix of 
finite type, where gi, . . . ,gg G F. 

Lemma 5.1. Let A be an algebra satisfying (C). 

a) Suppose M = km is a one- dimensional left A-module. Then 
Oj-m = for all 1 < i < 6 . 

Suppose that M is a non-zero finite- dimensional left A-module. 

b) Assume that M has a non-zero element m such that ai-m = 
for all 1 < i < 6. Then M contains a one- dimensional left 
A-module. 

c) Suppose that Ji, . . . , partition {1, . . . , ^} and ai, aj skew com- 
mute whenever i, j belong to different le 's. Let Ai be the sub- 
algebra of A generated by the aj's, where j G Jj, and F. For 
all 1 < i < 6 assume that non-zero finite- dimensional left Ai- 
modules contain a one- dimensional submodule. Then M con- 
tains a one- dimensional left A-submodule. 
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Proof: Assume the hypothesis of part a). Then there is a p G 
Alg(A, k) such that a-m = p{a)m for all a G A. Let g E T and 
1 <i < 9. From the calculation 

p{gai)m = gai-m = Xiig)aig-m = Xi{9)p{ai9)m 

we see that p(ai) = Xi{g)p{C'i)- Since Xi 7^ 1 it follows that p{ai) = 0. 
We have shown that Oj-m = and thus part a) is established. 

As for part b), let M' = {m G M \ ai-m = ■ ■ ■ = ag-m = 0}. Since 
O'id = Xi{9)~^9(^i all 1 < i < 6^ and g E T, we conclude that M' is 
a left F-module. Now the A-submodules of M' are the F-submodules 
of the same. Since M' is finite-dimensional, F is abelian, and k is 
algebraically closed, M' contains a one-dimensional left F-submodule. 
This concludes our proof of part b). 

To show part c) we may assume r = 2 by induction on r. Thus 6 > 1 
and without loss of generality we may assume 5*1 = {ai, . . . , a^} and 
5*2 = Ws+i, • • • 5 cig} for some 1 < s < Since and aj skew commute 
whenever l<i<s<j<6, and the elements of the commutative 
group F skew commute with ai, . . . ,ag, we conclude that A2ai = aiA2 
for all 1 < i < s. 

Let M' be the set of all m G M such that oi-m = ■ • • = ag-m = 0. 
By assumption M contains a one- dimensional left Ai-submodule. Thus 
M' 7^ (0) by part a). Since A2ai = aiA2 for all 1 < i < s it follows that 
M' is a (non-zero) left y42-submodule of M. By assumption M' contains 
a one-dimensional left y42-submodule km. Now a^+i-m = ■ ■ ■ = ag-m = 
by part a) again. Since m G M' by definition ai-m = ■ ■ ■ = ag-m = 0. 
Therefore M contains a one-dimensional left A-module by part b). □ 

Corollary 5.2. Let A be an algebra satisfying condition (C). Assume 
that A' is a subalgebra of A generated by ai,...,ag and a subgroup 
T' of T such that the restrictions xi|r', • • • , XelT' 7^ 1- Then finite- 
dimensional simple left A-modules are one- dimensional if the same is 
true for A' . 

Proof: Suppose that finite-dimensional simple left A'-modules are 
one-dimensional and let M be a finite-dimensional simple left A-module. 
Then M contains a finite-dimensional simple left A'-module which must 
have the form km by assumption. By part a) of Lemma 15.11 we have 
that ai-m = ■ ■ ■ = ag-m = 0. By part b) of the same M contains a 
one-dimensional A-submodule M' . Since M is simple M = M' . □ 

Apropos of Lemma f5. 11 finite-dimensional simple left A-modules are 
one-dimensional when xi-, ■ ■ ■ iXe are free monoid generators. For more 
generally: 
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Proposition 5.3. Let A be an algebra satisfying condition (C). Sup- 
pose further that Xi^ ■ ■ "Xe" ~ ^' where ki, . . . ,ko > 0, implies ki = 
■ ■ ■ = ko = 0. Then finite- dimensional simple left A-modules are one- 
dimensional. 

Proof: Let M be a finite-dimensional non-zero left A-module. Re- 
garding M as a left F-module we may write M = ^^ef direct 
sum of weight spaces, where Mx = {m G M \ g-m = \{g)m V (7 G F}. 
Since M is finite-dimensional all but finitely many of the M^'s are zero. 
Let 1 < i < 9. Our assumption gaig~^ = x{9)(^i fo^^ all g & T means 
that ai-Mx C M^^x for all A G f . 

By Lemma 15.11 it suffices to show that there is a non-zero m & M 
such that ai-m = for all 1 < i < Suppose this is not the case. 
Since M 7^ (0) there is a A G F such that Mx 7^ (0). Choose a non- 
zero m G Mx- By induction there is an infinite sequence of integers 
ii, 12, ■ ■ ■ such that 1 < ij < 6 for all j > 1 and ■ ■ ■ ai^-m 7^ for all 
r > 1. Now ttj^ ■ ■ ■ ai^-m G M^^...^^x- Our assumption on products of 
the characters Xi^ ■ ■ ■ X(f means that A, Xh^-, Xi2Xii^, ■ ■ ■ are all distinct. 
But this is impossible since all but finitely many weight spaces are 
zero. Therefore there is a non-zero m G M such that ai-m = for all 
l<i<9 after all. □ 

We recall some notions from '2]. A datum of Cartan type 

-D = P(F, ((7.) i<i<e, {Xi)i<i<e, {'^ij)i<i,j<e) 

consists of an abelian group F, elements G F, Xj G F, 1 < i < 6*, and 
a 6x6 Cartan matrix (aij) satisfying 

(5.2) qijqji = q^' , qa ^ 1, with = Xj(fi'i) for all 1 < i, j < 6*. 
We define = qu for a\\l<i<6. Note that by 

(5.3) gf"^ = gj^^ for all l<i,j <6. 

Recall that a (generalized) Cartan matrix {aij)i<i,j<e is a matrix whose 
entries are integers such that an = 2 for all i, aij < for all i ^ j, and 
if Qij = then aji = for all i,j. A datum "D of Cartan type will be 
called of finite Cartan type if (aj^) is of finite type. 

Let V = V(T, {gi)i<i<9, {Xi)i<i<e, {(^ij)i<i,j<e) be a datum of Cartan 
type. Suppose I < i, j < 6. We say that i is connected to j, denoted 
by ^ ~ J, if there are indices 1 < ii, ■ ■ ■ ,it 6, where t > 2, with i = 
ii,j = it and ai^i^^-^ 7^ for all 1 < / < t. In this case we define a{i,j) = 
0-1112(^1213 ' ' ' (^it-iji b{i,j) = ajjiiO-jgia ■ ■ ■ o,jit-i- Then it follows from 
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(f^ that 

(5.4) q."- = q>- . 

Connectivity is an equivalence relation and the equivalence classes are 
called the connected components of {1, ... , 9}. 

More generally, let i? be a ring and (ajj) e Mg{R) he a 6x6 matrix 
with coefficients in R. Let 1 < i, j < 6. We say that i is connected to 
j if there are indices 1 < ii, ■ ■ ■ ,it 6, where t > 2, with i = ii, j = if 
and Ojjjj^-^ 7^ for all 1 < / < t. In this generality connectivity may not 
be an equivalence relation. 

In the proof of the main theorem in this section we use the following 
lemma in the special case of data of Cartan type. 

Lemma 5.4. Suppose (aij) G Me(Z) is a non-zero matrix and all in- 
dices I < i,j < 6 are connected. Assume further that gi, . . . ,ge G k 
are non-zero, that ()5.3|) holds, and that one of the qi 's is not a root of 
unity. Then: 

a) None of qi, . . . ,qg is a root of unity. 

b) There are roots of unity ui, . . . ,ujg in k, an element q & k, and 
non-zero integers di, . . . ,dg with qi = Uiq'^' for all 1 < i < 6. 

c) diQij = djttji for all 1 < i, j < 6. 

d) Suppose T is a group, gi, . . . , go & T , and Xi, ■ ■ ■ ,Xe ^ ^ satisfy 
Xii9i) = Qi and Xji9i)Xii9j) = qT' for all l<ij <6. Consider 
the quadratic form 



Q{xi, ...,xg) = ^ 2xfdi + ^ 2xiXjdi 

i=l l<i<j<9 

Let fci, . . . , fee G Z and suppose Xi^ ■ ■ ■ Xq =1 or g^ ■ ■ ■ g\^ = 1. 
Then Q{ki, . . . , kg) = 0. 

Proof: Suppose that q^ is not a root of unity and aij ^ where 
1 < j < ^- Since gf'^ = g"^', necessarily aji ^ and therefore g^ is not 
a root of unity. We now conclude that \i \ < i <6 and i is connected 
to I then g^ is not a root of unity. We have shown part a) and the 
hypotheses of Lemma (5.51 are met. Thus part b) follows from Lemma 

By parts a) and b), g is not a root of unity. For 1 < i,j < we 
calculate ujiq^^"'^^ = g"'^ = g"^' = Ljjq'^^°'^\ Choose a positive integer 
such that Luf = 1 for all 1 < i < 6. Then q^'^"''^ = q^'^i''i\ Since g is 
not a root of unity and iV is a positive integer the preceding equation 
imphes part c). 
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It remains to show part d). Let 1 < i < 9. By assumption qf = 
XiiOiY = Qi" and thus an = 2 since qi is not a root of unity. 

Now let ki,...,k0 G Z and suppose that Xi^ ' ' ' Xe* = 1- Then 

e e 

n ^oi9i)^' = 1, and hence Y[ Xj{gi)^"^' = 1, for all 1 < z < 6'. Suppose 

i=i j=i 

e e 

that gl^ ■ --gl' = 1. Then J] = 1, and hence J] = 1, 

i=l i=l 

for all 1 < j < 6. Thus in both cases 

1 = n ^s'^ 

l<jj<6l 

e 

= Ui'^ n n 

i=l l<i<j<e d>i>j>l 

e 

= n^? n ^i^^i^^)''"' 

i=i i<i<j<e 

8 

= n^? n 

i=l i<i<j<e 

Raising the last expression to the 2N power we have 1 = (g^)'3('^i'---''=fl). 
Since q^ is not a root of unity necessarily Q{ki, . . . , kg) =0. □ 

We remark that part c) of the previous lemma was shown in 
Lemma 2.4] for matrices of Cartan type in a different way. 

Lemma 5.5. Suppose that S is a finite non-empty subset of non-zero 
elements of k which satisfies the following property: For all x,y E S 
there is an r > 1, a sequence x = Xo,Xi, . . . ,Xr = y in S, and there are 
sequences ni, . . . , and tuq, . . . , rrir-i of non-zero integers such that 
^m,_i _ all 1 < i < r. Then there is a q E k such that each 

X E S can be written as x = uoq^ for some root of unity uo E k and 
non-zero integer L. 

Proof: We may as well assume that there is a non-zero Xq G 5*. 
Consider tuples C = (xq, . . . ,Xr, ni, . . . ,nr, tuq, . . . , mj—i), where the 
condition of the lemma is satisfied and let \C\ = ni ■ ■ ■ n^. By assump- 
tion there are tuples Ci, . . . ,Cs such that each x E S appears as an Xi 
in one of them. 

Let N = |Ci|---|Cs|. Then is a non-zero integer. Since k is 
algebraically closed there is a g G /c which satisfies q^ = Xq. Let C = 
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(xo, . . . ,Xr,ni, . . . , rir, mo, . . . , rrir-i) be one of the Cj's. To complete 
the proof it suffices to show for all < i < r that 



Xi = LJ 

for some root of unity uo' E k and non-zero integer £j. The case z = 
is trivial. (By convention ny ■ -rti = 1 when i = 0.) 

Suppose that 1 < i < r and has this form. Then we can write 



= u - j for some root of unity uo E k and non-zero 
integer di-i. From the calculation 



rii rrii^i 



ijj 



where uj' E k 



we deduce that Xj 7^ and that Xi = cu' ^g"i 
is a root of unity. Take = mj_i/j_i. □ 

The main result of this section is: 

Theorem 5.6. Let A be an algebra satisfying (C) such that T and 
{Xi)i<i<e are part of a datum V = V{T, igi)i<i<e, {Xi)i<i<e, {aij)i<i,j<e) 
of finite Cartan type. Suppose that all qi, where 1 < i < 6, are not roots 
of unity, and that if 1 < i, j < are in different connected components 
of {1, ... ,9}, then and aj skew commute. Then finite- dimensional 
simple left A-modules are one- dimensional. 

Proof: Let /i, . . . , be the components of {1, . . . , 9}. Since the 
matrix {ciij)i<ij<e is of finite type so are the matrices {aij)(i,j)£iixii of 
Ii for all 1 < Z < r. Thus by virtue of part c) of Lemma 15.11 we may 
assume r = 1; that is {1, . . . ,9} is connected. 

Suppose that {1, . . . ,9} is connected. We will use Proposition 15. 31 to 
complete the proof. Let ki, . . . , kg > and suppose that Xi^ " " " Xe'^ = 1- 
Then Q{ki, . . . ^kg) = by part d) of Lemma [5.41 Let bij = diaij for all 
^ ^ h j ^ 9 and set B = (bij). Then i? is a symmetric matrix by part 
c) of the same lemma. Since a,-,- = 2 for all 1 < z < we have 



= Q(fci 



kibijkj 



{ki---ke)B 



l<i,j<9 



ki 



kft 



It will follow by Proposition 15.31 that all finite-dimensional simple left 
A-modules are one-dimensional once we show that ki = ■ ■ ■ = kg = 0. 

To show the latter we follow ||6j Chapter III]. Let ai, . . . , be a 
basis for the root system $ corresponding to the Cartan matrix (a^). 
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Let (, ) be the inner product of the euchdean vector space spanned by 
$. By definition aj, = — — - — Set x = i Laj. Then 

e 

{x,x) = ^ kikj{ai,aj) 

Since [aij) is connected there is a non-zero c G Q such that di = c — 

for all 1 < i < Thus = Q{ki, . . . ,kg) = c{x, x) which means x = 
and consequently ki = ■ ■ ■ = ke = 0. □ 

Let P be a datum of Cartan type and assume that no qi is a root 
of unity. We have seen that the characters xi, - ■ ■ yXe are Z-linearly 
independent if V is connected and of finite type. If V is not connected, 
then linear independency fails for any non-trivial linking. The next 
example shows that for connected data "D the characters are in general 
not linearly independent if T> is not of finite type. 

Example 5.7. Let F be a free abelian group of rank two with basis 



gi,g2, and q E k not a root of unity. Let (ajj) = 




. Define 



Xi,X2 e r by Xj{gi) = <f"' for all I <i,i <2. Then q^ = q2 = q^ is 
not a root of unity, V{r, {gi)i<i<2, {Xi)i<i<2, («ii)i<ij<2) is a connected 
datum of Cartan type, but not of finite type, and X1X2 = 1- 

Finally we note that Theorem l5.6l is false if the g^'s are roots of unity. 

Example 5.8. Let > 2 be an integer, let q a primitive iV-th root of 
1, and let A = k{g, a \ g^ = 1, gag~^ = qa). The algebra A satisfies (C) 
with F = {g), and xig) = and F and x are part of a Cartan datum 
of type Ai. Let Z^r be the additive cyclic group of order and M be 
an A^-dimensional vector space with basis mi,i G I^n- Then the rules 
grrii = q^rrii, and xnii = rrii+i for alH G Z^v determine an irreducible 
left A-module structure on M. 
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